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NONCOMMUTATIVE ALMOST UNIFORM
WIENER-WINTNER ERGODIC THEOREM
VLADIMIR CHILIN AND SEMYON LITVINOV
Abstract. Almost uniform version of noncommutative Wiener-Wintner er-
godic theorem and its extension to Besicovitch weights are proved.
1. Introduction
Let M be a semifinite von Neumann algebra equipped with a faithful normal
semifinite trace τ . Let P(M) stand for the lattice of projections in M. If 1 is the
identity of M and e ∈ P(M), we write e⊥ = 1− e.
Denote by L0 = L0(M, τ) the ∗ - algebra of τ -measurable operators affiliated
withM. Let ‖·‖∞ be the uniform norm inM. Equipped with the measure topology
given by the system of neighborhoods at zero
V (ε, δ) = {x ∈ L0 : ‖xe‖∞ ≤ δ for some e ∈ P(M) with τ(e
⊥) ≤ ε},
ε > 0, δ > 0, L0 is a complete metrizable topological ∗ - algebra [8].
A sequence {xn} ⊂ L
0 is said to converge to x ∈ L0 almost uniformly (a.u.) (bi-
laterally almost uniformly (b.a.u.)) in Egorov’s sense if for every ε > 0 there exists
a projection e ∈ P(M) with τ(e⊥) ≤ ε such that ‖(x− xn)e‖∞ → 0 (respectively,
‖e(x− xn)e‖∞ → 0). It is known that a.u. convergence is generally stronger than
b.a.u. convergence [3, Example 3.1].
Let Lp = Lp(M, τ) ⊂ L0, 1 ≤ p < ∞, be the noncommutative Lp- space [8, 11,
10] equipped with the standard norm ‖·‖p. A linear operator T : L
1+M→ L1+M
is called a positive Dunford-Schwartz operator if T (x) ≥ 0 whenever x ≥ 0 and
‖T (x)‖1 ≤ ‖x‖1 for all x ∈ L
1 and ‖T (x)‖∞ ≤ ‖x‖∞ for all x ∈ M
(see [2, Proposition 1.1]). If T is a positive Dunford-Schwartz operator, we will
write T ∈ DS+. Given T ∈ DS+, x ∈ L1 +M, and λ ∈ C1 = {z ∈ C : |z| = 1},
denote
(1) An(T )(x) =
1
n
n−1∑
k=0
T k(x) and An(T, λ)(x) =
1
n
n−1∑
k=0
λkT k(x).
Definition 1.1. We say that x ∈ L1+M satisfies almost uniform Wiener-Wintner
property (bilaterally almost uniform Wiener-Wintner property), in which case we
write x ∈ a.u.WW (respectively, x ∈ b.a.u.WW ), if for every ε > 0 there is
e ∈ P(M) with τ(e⊥) ≤ ε such that the sequence {An(T, λ)(x)e} (respectively,
{eAn(T, λ)(x)e}) converges with respect to the uniform norm ‖ · ‖∞ for all λ ∈ C1.
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It is easy to see [6, p. 700] that Definition 1.1 presents a proper generalization of
the classical Wiener-Wintner property [1, p. 28].
It was proved in [6] with the help of a noncommutative Van der Corput’s in-
equality from [9] that, under some additional conditions on (M, τ) and T , we have
L1(M, τ) ⊂ b.a.u.WW . A more general, multi-parameter Bellow-Losert’s version
of this result was established in [4].
In this article, utilizing the approach of [7], we strengthen the result of [6] by
proving that L1(M, τ) ⊂ a.u.WW ; see Theorem 2.2 below. Then we generalize
Theorem 2.2 to the family of all bounded Besicovitch sequences.
2. Almost uniform Wiener-Wintner theorem
Let (X, ‖ · ‖) be a normed space. A sequence of maps An : X → L
0 is called
bilaterally uniformly equicontinuous in measure (b.u.e.m.) at zero in X if for every
ε > 0 and δ > 0 there is γ > 0 such that for every x ∈ X with ‖x‖ < γ it is possible
to find e ∈ P(M) satisfying conditions
τ(e⊥) ≤ ε and sup
n
‖eAn(x)e‖∞ ≤ δ.
Proposition 2.1 ([5], Proposition 4.2). If 1 ≤ p <∞, then the sequence {An(T )}
given by (1) is b.u.e.m. at zero in Lp.
Given T ∈ DS+, x ∈ L1 +M, and b = {bk} ⊂ C, denote
An(T, b)(x) =
1
n
n−1∑
k=0
bkT
k(x).
If B is a subset of the set of bounded sequences in C and 1 ≤ p <∞, denote
Cp(B) =
{
x ∈ Lp : ∀ ε > 0 ∃ e ∈ P(M) with τ(e⊥) ≤ ε such that the
sequence {An(T, b)(x)e} converges uniformly ∀ b ∈ B
}
.
Proposition 2.2. Cp(B) is closed in L
p.
Proof. Given m ∈ N, denote
Bm =
{
{bk} ∈ B : |bk| ≤ m
}
and pick b = {bk} ⊂ Bm. Let a sequence {zm} ⊂ Cp(B) and x ∈ L
p be such that
‖zm − x‖p → 0. Denote ym = zm − x and fix ε > 0. Let n, k ∈ N and l ∈ N ∪ {0}.
Since ‖ym‖p → 0 and, by Proposition 2.1, the sequence {An(T )} is b.u.e.m at zero
in Lp, there exists xk ∈ {ym} and gn,k,l,m ∈ P(M) such that
τ(g⊥n,k,l,m) ≤
ε
2n+k+l+m+2
and
sup
n
‖gn,k,l,mAn(T )(xk)gn,k,l,m‖∞ ≤
1
4km(l+ 1)2
.
Next, since
gn,k,l,mblT
l(xk)gn,k,l,m = bl
(
(l + 1)gn,k,l,mAl+1(T )(xk)gn,k,l,m
− l gn,k,l,mAl(T )(xk)gn,k,l,m
)
,
it follows that
‖gn,k,l,mblT
l(xk)gn,k,l,m‖∞ ≤
2l + 1
4k(l+ 1)2
<
1
2k(l+ 1)
∀ n, k, l,m and {bl} ∈ Bm.
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Now, if we define gk,l =
∧
n,m
gn,k,l,m, then τ(g
⊥
k,l) ≤
ε
2k+l+2
and
‖gk,lblT
l(xk)gk,l‖∞ <
1
2k(l+ 1)
∀ k, l and {bl} ∈ B.
Let l(y) (r(y)) be the left (respectively, right) support of an operator y ∈ L0. If
qk,l = 1− r(g
⊥
k,lT
l(xk)), then
τ(q⊥k,l) = τ(r(g
⊥
k,lT
l(xk))) = τ(l(g
⊥
k,lT
l(xk))) ≤ τ(g
⊥
k,l) ≤
ε
2k+l+2
.
Also,
T l(xk)qk,l = gk,lT
l(xk)qk,l + g
⊥
k,lT
l(xk)qk,l = gk,lT
l(xk)qk,l.
Therefore, setting ek,l = gk,l
∧
qk,l yields τ(e
⊥
k,l) ≤
ε
2k+l+1
and
T l(xk)ek,l = T
l(xk)qk,lek,l = gk,lT
l(xk)qk,lek,l = gk,lT
l(xk)gk,lek,l,
which implies that
‖blT
l(xk)ek,l‖∞ ≤ ‖gk,lblT
l(xk)gk,l‖∞ <
1
2k(l + 1)
∀ k, l and {bl} ∈ B.
If we set e =
∧
k,l
ek,l, then it follows that
τ(e⊥) ≤
ε
2
and ‖blT
l(xk)e‖∞ <
1
2k(l+ 1)
∀ k, l and {bl} ∈ B.
implying that
‖An(T, b)(xk)e‖∞ ≤
1
n
n−1∑
l=0
‖blT
l(xk)e‖∞
<
1
k
n−1∑
l=0
1
2n(l + 1)
<
1
2k
n−1∑
l=0
1
(l + 1)2
<
1
k
(2)
for all n, k and b = {bl} ∈ B.
Fix now δ > 0. Inequality (2) implies that there exists k0 such that
sup
n
‖An(T, b)(xk0 )e‖∞ ≤
δ
3
for all b ∈ B.
Since x + xk0 ∈ Cp(B), it follows that there is q ∈ P(M) with τ(q
⊥) ≤ ε/2 such
that, given b ∈ B, it is possible to find N = N(b) satisfying
‖(Am(T, b)(x+ xk0 )− An(T, b)(x + xk0))q‖∞ ≤
δ
3
whenever m,n ≥ N.
If we put now g = e
∧
q, then τ(g⊥) ≤ ε and
‖(Am(T, b)(x) −An(T, b)(x))g‖∞
≤ ‖(Am(T, b)(x+ xk0 )−An(T, b)(x + xk0))g‖∞
+ ‖Am(T, b)(xk0 )g‖∞ + ‖An(T, b)(xk0)g‖∞ ≤ δ
for all b ∈ B and m,n ≥ N(b). Therefore, the sequence {An(T, b)(x)e} converges
uniformly for all b ∈ B, hence x ∈ Cp(B). 
Letting, in Proposition 2.2, B =
{
{λk} : λ ∈ C1
}
, we obtain the following.
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Corollary 2.1. a.u.WW ∩ Lp is closed in Lp for every 1 ≤ p <∞.
Recall that a homomorphism α :M→M is called ergodic if condition α(x) = x,
x∗ = x ∈ M, implies that x = c1 for some c ∈ R. Assume that T ∈ DS+ is such
that α = T |M is an ergodic homomorphism. Denote by {eλ(x)}λ∈R the spectral
family of x = x∗ ∈ L0. Let x = x∗ ∈ L1 +M be such that T (x) = x. Then
x =
∫∞
−∞
λdeλ(x) entails that T (x) =
∫∞
−∞
λdα(eλ(x)), hence α(eλ(x)) = eλ(x)
for all λ ∈ R. Therefore, in view of ergodicity of α, we have either eλ(x) = 0 or
eλ(x) = 1, hence x = c1 for some c ∈ R. Let now x ∈ L
1 +M satisfy T (x) = x.
If we write x = x1 + ix2, where x
∗
1 = x1 and x
∗
2 = x2, then, since T is a positive
linear map, it follows that T (x1) = x1 and T (x2) = x2, and we infer that x = c1
for some c ∈ C. Therefore, we have the following.
Proposition 2.3. If T ∈ DS+ is such that T |M is an ergodic homomorphism and
x ∈ L1 +M is such that T (x) = x, then x = c1 for some c ∈ C.
In what follows, we assume, as in [6, Theorem 5.1], that τ is finite and T ∈ DS+
is such that T |M is an ergodic homomorphism and τ ◦ T = τ . The following
is a corollary of a noncommutative Bourgain’s uniform Wiener-Wintner ergodic
theorem [6, Theorem 5.1, Equation (7)].
Theorem 2.1. L2(M, τ) ⊂ a.u.WW .
Now, in view of Corollary 2.1 and Theorem 2.1, we arrive at almost uniform
noncommutative Wiener-Wintner ergodic theorem:
Theorem 2.2. L1(M, τ) = a.u.WW , that is, for every x ∈ L1 and ε > 0 there
exists a projection e ∈ P (M) such that τ(e⊥) ≤ ε and the sequence {An(T, λ)(x)e}
converges uniformly for all λ ∈ C1.
3. Wiener-Wintner-type ergodic theorem with Besicovitch weights
Let (M, τ) and T : L1 → L1 be as in Theorem 2.2. In this section we will expand
Theorem 2.2 from the set
{
{λk} : λ ∈ C1
}
to the set of all bounded Besicovitch
sequences.
A function P : Z → C is called a trigonometric polynomial if P (k) =
s∑
j=1
zjλ
k
j ,
k ∈ Z, for some s ∈ N, {zj}
s
1 ⊂ C, and {λj}
s
1 ⊂ C1. A sequence {bk}
∞
k=0 ⊂ C is
called a bounded Besicovitch sequence if
(i) |bk| ≤ C <∞ for all k and some C > 0;
(ii) for every ε > 0 there exists a trigonometric polynomial P such that
lim sup
n
1
n
n−1∑
k=0
|bk − P (k)| < ε.
By linearity, Theorem 2.2 entails the following.
Proposition 3.1. Let x ∈ L1. Then for every ε > 0 there exists e ∈ P(M) with
τ(e⊥) ≤ ε such that the sequence
An(T, P )(f)e =
1
n
n−1∑
k=0
P (k)T k(x)e, n = 1, 2, . . .
converges uniformly for any trigonometric polynomial P = P (k).
NONCOMMUTATIVE ALMOST UNIFORM WIENER-WINTNER ERGODIC THEOREM 5
Let now B stand for the set of Besicovitch sequences. The next theorem is an
extension of Theorem 2.2.
Theorem 3.1. If x ∈ L1, then for any ε > 0 there is e ∈ P(M) with τ(e⊥) ≤ ε
such that the sequence {An(T, b)(x)e} converges uniformly for every b ∈ B.
Proof. In view of Proposition 2.2, it is sufficient to show that the convergence holds
for any x ∈ M. So, pick 0 6= x ∈ M and let ε > 0, δ > 0. By Proposition 3.1,
there exists e ∈ P(M) with τ(e⊥) ≤ ε such that for any trigonometric polynomial
P = P (k) there is N1 = N1(P ) for which
‖(Am(T, P )(x)−An(T, P )(x))e‖∞ ≤
δ
3
for all m,n ≥ N1.
Let b = {bk} ∈ B, and let a trigonometric polynomial P = P (k) satisfy condition
lim sup
n
1
n
n−1∑
k=0
|bk − P (k)| <
δ
3‖x‖∞
,
so that there exists N2 such that
1
n
n−1∑
k=0
|bk − P (k)| <
δ
3‖f‖∞
whenever n ≥ N2.
Now, if m,n ≥ max{N1, N2}, it follows that
‖(Am(T, b)(x) −An(T, b)(x))e‖∞ ≤ ‖Am(T, b)(x) −Am(T, P )(x)‖∞
+ ‖An(T, b)(x) −An(T, P )(x)‖∞ + ‖(Am(T, P )(x)− An(T, P )(x))e‖∞
≤
2
n
n−1∑
k=0
|bk − P (k)| · ‖x‖∞ +
δ
3
< δ.
Therefore, the sequence {An(T, b)(x)e} converges uniformly for each b ∈ B. 
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